Abstract. We describe the group generated by the Weierstrass points in the Jacobian of the curve X 4 +Y 4 +Z 4 +3 (X 2 Y 2 +X 2 Z 2 +Y 2 Z 2 ) = 0. This curve is the only curve of genus 3, apart from the fourth Fermat curve, possessing exactly twelve Weierstrass points.
Let C be a smooth projective curve of genus g. For D a divisor, let [D] be its class in Pic 0 (C). Let J be the Jacobian of C which we identify with Pic 0 (C). We choose a Weierstrass point ∞ as base point for the Abel-Jacobi map
which can be extended linearly to divisors Div(C).
We study the structure of the group W generated by the images under j of Weierstrass points in the Jacobian of C. This structure does not depend on the Weierstrass point chosen as base-point for the map j and thus provides an interesting geometric invariant.
The simplest case is the case of a hyperelliptic curve, where it is easy to see that W = (Z/2Z) 2g = J [2] (see, for instance, [5] ). For non-hyperelliptic curves of genus 3 -that is, plane quartics -some particular cases have already been considered. Each of these curves has a large automorphism group. More precisely, for the Klein curve (given by
3 [6] . For the Fermat quartic (given by
. Finally, in [1] , a family of smooth curves of genus 3 is determined for which W = Z 4 × (Z/3Z) 5 . In this note, we consider the smooth curve C of genus 3 given by the following equation:
This curve has 24 automorphisms [4] . We prove the following result:
Theorem 0.1. Let W be the group generated by the images of the Weierstrass points in the Jacobian J of C.
This curve possesses exactly 12 Weierstrass points, each one of weight 2. There are only two smooth curves of genus 3 with exactly 12 Weierstrass points, the Fermat quartic and the one we are considering [4] .
In order to prove Theorem 0.1, we use geometric arguments to reduce the number of generators of W . Then, since the Jacobian of this curve is isogenous to the product of three copies of the same elliptic curve E, the study of the images of those points in E under the three morphisms from C to E enables us to determine exactly the structure of W .
Computation of the Weierstrass points
In the case of a smooth quartic, the Weierstrass points are its flexes. They are the zeroes of the Hessian H given by
hence the zeroes of (
. The Weierstrass points are thus the intersection points of the curve with the 6 lines given by the following equations:
More precisely, the Weierstrass points are distributed on the L i 's as follows:
• On L 1 :
• On L 6 : P 1,1 , P 2,2 , P 3,4 , P 4,4 . Moreover, the curve meets the tangent line at any of those points with intersection multiplicity equal to 4. This immediately yields relations between the images of Weierstrass points in the Jacobian J. Let's choose the point P 3,3 as base point for the Abel-Jacobi map. The embedding j in the Jacobian is P → [P − P 3, 3 ]. By abuse of notation, we denote in the same way a point and its image under j. That means that we will denote by D = 0 the fact that a divisor class [D] is in the kernel of j.
Under this convention, we have
• P 2,1 + P 2,2 + P 2,3 + P 2,4 = 0.
• P 1,3 + P 2,3 + P 3,3 + P 3,4 = 0.
• P 1,4 + P 2,4 + P 4,3 + P 4,4 = 0.
• P 1,2 + P 2,1 + P 3,3 + P 4,3 = 0.
• P 1,1 + P 2,2 + P 3,4 + P 4,4 = 0. These results enable us to write P 1,4 , P 2,4 , P 3,4 , P 4,3 and P 4,4 in terms of P 1,1 , P 1,2 , P 1,3 , P 2,1 , P 2,2 , P 2,3 and P 3,3 (which is zero in J). Moreover, by Lemma 4.1 in Section 4, we have the additional relation P 1,2 + P 2,2 − P 1,1 − P 2,1 = 2P 1,3 − 2P 2,3 . Therefore, we can also express P 2,2 in terms of P 1,1 , P 1,2 , P 1,3 , P 2,1 and P 2,3 . We can thus conclude that
We will show that W is isomorphic to this group; that means that there are no relations between the Weierstrass points other than the ones we already found. The proof will rely on the fact that the Jacobian is isogenous to the product of three copies of the same elliptic curve [3] . Let φ 1 , φ 2 and φ 3 be the three morphisms from C to D given by
Structure of the Jacobian of C
Let D be the affine curve given by the equation x 4 + y 2 + 1 + 3(x 2 y + x 2 + y) = 0. There is a birational map from this curve to the elliptic curve E given by the affine equation v 2 = u           φ 1 : (X, Y, Z) → ( X Z , ( Y Z ) 2 ), φ 2 : (X, Y, Z) → ( Y X , ( Z X ) 2 ), φ 3 : (X, Y, Z) → ( Z Y , ( X Y ) 2 ).
Proposition 2.1. The Jacobian of C is isogenous to E × E × E.
Proof. When ω is a nonzero differential form on D, it's easy to check that ω 1 = φ 1 (ω), ω 2 = φ 2 (ω) and ω 3 = φ 3 (ω) are independent differential forms on C. More precisely, if 
Images on the elliptic curve
The image of a Weierstrass point under each of the three maps ψ • φ j is among the following points on the elliptic curve E:
where ∞ denotes the point at infinity, which we take as identity element for the group law.
Elementary computations give us the following relations between these points on the elliptic curve E:
It will be useful to know from which Weierstrass points each of these particular points arises.
Since φ 1 is a map of degree 2 and P 1,1 and P 2,2 have the same image on the curve D, namely the point (i, 1), whose image under ψ is A, we get (ψ • φ 1 ) * (A) = P 1,1 + P 2,2 . Similar computations yield the following table:
4. Proof of the main result
Proof. Since the divisor A + D − 2∞ on E is principal, the divisor
on C is also principal. The lemma follows from the relations in Section 1, since the latter divisor is linearly equivalent to P 1,2 + P 2,2 − P 1,1 − P 2,1 − 2P 1,3 + 2P 2,3 .
Lemma 4.2. For distinct Weierstrass points
Proof. It is well-known that on a smooth plane quartic the canonical linear series is cut out by lines in P 2 . Since 4R is a canonical divisor on C, the existence of a rational function whose divisor equals 2P + 2Q − 4R would imply the existence of a bitangent line through the two flexes P and Q. This is impossible, since the tangent line at P has contact of order 4 with C at P . 
Proof of Theorem
which contradicts Lemma 4.2.
Case 2. Suppose that c 4 = 0. Then, by the relations in Section 1, we get
which implies the existence of a morphism C → P 1 of degree 2, contrary to the fact that C is not hyperelliptic. 
It follows that L(E)
is generated by the rational functions 1 and (y+i) 2 /(x 2 +y 2 +2). In particular, f can be taken to be of the form f = a(x 2 + y 2 + 2) + (y + i)
for some constant a ∈ C. Since P 1,1 is a zero of f , we must have a = −i. However, for this choice of a, the point (i √ 5, −1, 1) is also a zero of f , a contradiction.
